ABSTRACT. We discuss a generalization of the Bogomolov-Miyaoka-Yau inequality to DeligneMumford surfaces of general type.
INTRODUCTION
For a smooth complex projective surface S of general type, the Bogomolov-Miyaoka-Yau inequality for S reads
Together with Noether's inequality, this puts constraints on the topology of surfaces of general types. Generalizations of (1.1) to singular surfaces and surface pairs have been found, see for example [7] , [4, 5] . In this paper we discuss a generalization of (1.1) to Deligne-Mumford stacks.
We work over C. Let X be a smooth proper Deligne-Mumford C-stack of dimension 2. Let π : X → X be the natural map to the coarse moduli space. We assume that X is a projective variety. Since X is assumed to be smooth, it has a tangent bundle T X . A good theory of Chern classes is available for Deligne-Mumford stacks, see for example [10] , [3] . We propose the following Conjecture 1.1. Let X be as above. Assume that the canonical bundle
Certainly (1.2) takes the same shape as (1.1) . In what follows we give evidence for (1.2). In Section 2.1 we discuss (1.2) for stacks X which non-trivial stack structures at generic points. In Section 2.2 we prove (1.2) for a class of stacks X with stack structures in codimension 1. In Section 2.3 we prove (1.2) for Gorenstein stacks X with isolated stack points.
X
′ with trivial generic stabilizers, and a morphism f : X → X ′ realizing X as a G-gerbe over X ′ . Since T X = f * T X ′ , we see that (1.2) for X is equivalent to (1.2) for X ′ . Therefore it suffices to consider only those X with stack structures in codimension ≥ 1.
2.2. Codimension 1 stack structure. We will verify (1.2) for an example of stack X with stack structures in codimension 1.
Let X be a smooth complex projective surface and D a simple normal crossing Q-divisor of the form D = i (1 − 1/r i )D i with r i ≥ 2 integers. Let X be the natural stack cover of the pair (X, D). By construction the coarse moduli space of X is X. The natural map π : X → X is an isomorphism outside π −1 (Supp D), which is where X has non-trivial stack structures. Furthermore we have the following formula for the canonical bundle:
We now examine (1.2) for this X . By (2.1),
By Gauss-Bonnet theorem for Delignem-Mumford stacks [8, Corollaire 3 .44] we have
the Euler characteristic of X as defined in [8, Definition 3 .43] (note that the notation χ orb is used in [8] ). Put
This implies that
By [5, Theorem 8.7] , forp ∈ D i ∩ D j the local orbifold Euler number of the pair (X, D) atp is given by e orb (p; X, D) = 1/r i r j . Together with (2.2) this implies that χ(X ) coincides with the orbifold Euler number e orb (X, D) of the pair (X, D), as defined in [5] . Thus if K X is numerically effective, the (1.2) hold because it is equivalent to [5, Theorem 0.1] applied to the pair (X, D).
2.3. Condimension 2 stack structure. Let X be a smooth proper Deligne-Mumford C-stack of dimension 2 with isolated stack structures. Suppose that X is Gorenstein. Let π : X → X be the natural map to the coarse moduli space X, which we assume to be a projective surface with canonical singularities. Let p 1 , p 2 , ..., p k ∈ X be the stacky points. Since X is Gorenstein, each p i has a neighborhood p i ∈ U i ⊂ X of the form
Suppose further that K X is numerically effective. We prove that (1.2) holds for such X .
By assumption we have K X = π * K X . Thus
We now consider the term c 2 (T X ). The first step is to consider χ(O X ) by using Riemann-Roch theorem for stacks [8] . We follow [9, Appendix A] for the presentation of the Riemann-Roch theorem. We have
Here IX is the inertia stack of X . By our assumption on X , we have the following description of IX :
Here the term Ip i \ p i is the inertia stack of p i ≃ BG i with the main component removed, namely
By the definition of the Chern character ch, we have ch(O X ) = 1 on every component of IX . Hence
, and we only need its degree 2 component. Hence
The contribution coming from Ip i \ p i can be also evaluated.
Lemma 2.4. Let E i be the exceptional divisor of the minimal resolution of
This Lemma is proved in the Appendix.
Next, we reinterpret the term χ(O X ). By definition, χ(O X ) :
Combining (2.3), (2.4), (2.5), and Lemma 2.4, we obtain the following expression of c 2 (T X ):
Using this, we see that in the present situation, (1.2) is equivalent to
On the other hand, it is clear that (2.7) is a special case of [7, Corollary 1.3] . This completes the proof.
APPENDIX A. PROOF OF LEMMA 2.4
In this Appendix we prove Lemma 2.4. By our assumption on X , for g ∈ G i , the g-action on the tangent space T p i X has two eigenvalues ξ g and ξ 
We now evaluate (A.1) using the ADE classification of C 2 /G i .
A.1. Type A. If C 2 /G i is of type A n−1 , then G i ≃ Z n and the action on C 2 is given as follows. If we identify Z n with the group of n-th roots of 1, then an element ξ ∈ Z n acts on C 2 via the matrix
It follows that (A.1) is given by
Since the exceptional divisor of the minimal resolution of C 2 /Z n is a chain of (n − 1) copies of CP 1 , its Euler characteristic is n. This proves the Lemma in type A case.
A.2. Type D. If C 2 /G i is of type D n+2 (here n ≥ 2), then G i is isomorphic to the binary dihedral group Dic n . The group Dic n is of order 4n and may be presented as follows:
The action of Dic n on C 2 is given as follows:
An element calculation shows that the conjugacy classes of Dic n and the orders of their centralizer subgroups are given as follows: 
We need to evaluate the sum n−1 k=1 =2 − 2 cos(πk/n) = 4 sin 2 (πk/(2n)).
Since sin(π(k + n)/(2n)) = − sin(π(k − n)/(2n)), we see that 
